Preliminaries. An operator group with a principal series can obviously be written as a direct product of finitely many directly indecomposable admissible subgroups, and the classical WedderburnRemak-Krull-Schmidt theorem asserts that this representation is unique up to isomorphism. Numerous generalizations of this theorem are known in the literature.
additive inverse, and each F t (tÇzT) is a unary operation which distributes with respect to +. Similarly, an ordinary group without operators is a binary algebra.
The notions of subalgebra and isomorphism are assumed to be known. A subalgebra B of an algebra A is called a subtractive subalgebra if it satisfies the following condition: if a £ A and &G-Î3, and if either a+bÇîB or b+aÇzB, then aÇzB. The subtractive subalgebras of an operator group are precisely its admissible subgroups.
By a central subalgebra of an algebra A we mean a subalgebra C of A satisfying the following conditions: (i) for each c£C there exists c£C such that c+c = 0; (ii) if c£C and x, yÇiA, then x + (y+c) = (x+c) +y = (x+y) +c; (iii) if cÇzCjtÇzT, k<p(t), and Xo, • • -,x P (o-i E.A, then It is easy to see that the subalgebra generated by the union of all the central subalgebras of an algebra A is again a central subalgebra of A ; this largest central subalgebra is called the center of A, and is denoted by A 0 . It is clear that if A is an operator group, then A 6 is just the usual group-theoretic admissible center of A. More generally, for any algebra A, the set A 0 together with the operation + forms an abelian group. Two subalgebras B and C of A are called centrally isomorphic if there is an isomorphism f oi B onto C such that for each x(EB there is an element cÇzA c with ƒ (x) =x+c. The concept of an algebra is designed to make it possible to define internally the notion of (restricted) direct product, analogous to the definition of direct product for groups. An algebra A is a direct product of subalgebras Bi (i£I), in symbols A = n Bi, iel if the following conditions are satisfied :
(I) For each index hGI, if x, y(EBh and u, v are elements of the subalgebra generated by the union of the Bi {ir^h), then Consider now the central question of this paper: is it true that if an algebra A is a direct product of subalgebras each of which has the exchange property, then any two direct decompositions of A have isomorphic refinements? In general this question remains open. However, the following theorems provide affirmative answers in three special cases.
(A) If an algebra A has two direct decompositions with countably many factors,
where all the factors Bi and Cj have the exchange property, then these two direct decompositions have centrally isomorphic refinements.
(
B) If an algebra A is a direct product of subalgebras each of which has the exchange property, then any two direct decompositions of A with indecomposable factors are centrally isomorphic. (C) If an algebra A is a direct product of subalgebras each of which has the exchange property and has a countably generated center, then any two direct decompositions of A have centrally isomorphic refinements.
Conditions that imply the exchange property. Theorems (A), (B) and (C), which relate the exchange and isomorphic refinement properties, lead us to seek conditions on an algebra B for it to have the exchange property. The following simple result reduces this to the center: if the center B c of an algebra B has the exchange property, then B has the exchange property. A further reduction is possible, which reduces the problem to one essentially involving only abelian operator groups. Define an algebra A to be abelian if A coincides with its center, A=A°.
( we obtain a structural condition on the center of an algebra B that implies that B has the exchange property. This condition involves the following chain conditions. An algebra A is said to satisfy the minimal {maximal) condition if every nonempty family of subtractive subalgebras of A has a minimal (maximal) member. An algebra A satisfies the local maximal condition if every finitely generated subtractive subalgebra satisfies the maximal condition. When specialized to operator groups, these conditions are just the usual group-theoretic chain conditions.
D) In order for an algebra B to have the exchange property it is sufficient that the following condition be satisfied', f or any abelian algebra
E) If the center B c of an algebra B satisfies the minimal and local maximal conditions, then B has the exchange property, and B° is countably generated.
Combining (C) and (E) we obtain our principal isomorphic refinement theorem for general algebras.
F) If an algebra A has a direct decomposition

A^JlBi iel such that, for each i£I, B\ satisfies the minimal condition and the local maximal condition, then any two direct decompositions of A have centrally isomorphic refinements.
Binary algebras. When applied to algebras without auxiliary operations F t , Theorem (F) can be stated in the following equivalent form : if a binary algebra A is a direct product of subalgebras 5< (iGI) such that, for each iÇ.1, B\ is a direct product of finitely many primary cyclic groups and primary quasi-cyclic groups, then any two direct decompositions of A have centrally isomorphic refinements. For every abelian group satisfies the local maximal condition, and the condition imposed on the abelian groups B\ above is equivalent to the minimal condition. It is possible, however, to obtain considerably more general results than the one just stated, results that eliminate chain conditions altogether. For their formulation, some concepts from the theory of abelian groups are needed. 3 If G is an abelian group and n is an integer, then the subgroup nG is defined as usual by nG-{nx\ XE:G} . An abelian group G is divisible \inG -G for all n^O, and G is of bounded order if there is an integer n^O such that nG= {o}. Every abelian group G contains a maximal divisible subgroup D, which is a factor of G, and the quotient group G/D is called the reduced part of G.
Let G be an abelian £-group (p some prime is called a basic subgroup if U has the following properties : (i) U is a direct product of cyclic groups; (ii) U is a pure subgroup of G, i.e., UC\p n G = p n U for all n > 0 ; (iii) the quotient group G/ U is divisible. Every abelian £-group contains at least one basic subgroup, and all the basic subgroups of a given group are isomorphic.
An abelian p-group G is said to have no elements of infinite height if n w <oop n G-{0}. In such a group G the p-adic topology can be introduced by taking as a neighborhood basis for 0 the subgroups p n G (n=l, 2, • • • ). If an abelian p-group G with no elements of infinite height has the property that every Cauchy sequence {Xk} *<«> in G, for which the orders of the elements Xk are bounded, converges to a limit in G, then G is called torsion-complete.
An explicit representation of torsion-complete abelian ^-groups can be given as follows. Let U n (n -1, 2, • • • ) be a sequence of groups such that U n is a direct product of cyclic groups of order p n . Let T be the Cartesian product of the UVs, that is, Y is the set of all f unctions ƒ defined on the positive integers such that f(n) £ U n , with addition defined component-wise. Then the torsion subgroup of T is a torsion-complete abelian p-group. Conversely, if G is any torsioncomplete abelian £-group, then there exists a sequence of groups U n (n=l, 2, • • • ), where U n is a direct product of cyclic groups of order p n , such that G is isomorphic to the torsion subgroup of the Cartesian product of the U n '$. In particular, every primary abelian group of bounded order is torsion-complete, and every countable torsion-complete primary abelian group is necessarily of bounded order.
( 
